In the recent upswing of ergodic theory, symbolic dynamics has come to play an increasingly important role, both in proving general theorems and in providing concrete examples of dynamical systems with desired properties.
The earliest examples of this type (Morse J2lJ , 1921) These results all deal with metric properties of substitution dyna mical systems generated by substitutions of constant length.
In general, metric properties of dynamical systems are of more interes for ergodic theory as well as more difficult to establish. In particular, the interesting case of substitutions of non-constant length has (with the exception of the classical special cases considered by Morse and Hedlund [22J , 1940, and Kakutani [s] , 1972) scarcely been touched.
In [l7] , [lc [l, it was shown that any substitution minimal set: pos sesses a unique invariant probability measure, thus providing a canonical dyna mical system associated with the substitution. In the author It is shown by using a modified continued fraction expansion developed in
[12] , [ll] that the associated dynamical systems have discrete spectrum and that all eigenfunctions are continuous. The proof is rather complicated, but we have not succeeded in finding a simpler one.
In the last section, an example is given of a substitution dynamical system with partly continuous spectrum. The methods here have been used subsequently by M. Dekking and he has been able to extend this result to a much larger class of substitutions.
Many questions remain to be answered, and in Q}] a systematic study of substitution dynamical systems and their topological and metric properties will be published.
The author is grateful to M. Keane for valuable advice in the writing of this paper. respectively, then the number of zeros in 6b (and in 6 c) is u Q k + v (n-k).
A similar calculation holds for the number of ones.
Definition 4
Let Q be a substitution over I = { 0,1 } such that 0 0 and 01 begin with 0 and 1 respectively. We set n Q = 0 and define n inducti vely for t >_ 1 by n. = mf {n:n>n 4 shows that this limit exists for each l t I and that the convergence rate is exponential. Obviously d(1) >^ 0 and dCi) = 1.
In order to formulate our next theorem, we shall need the following notation. 
A.
Let (n t ) be the sequence of definition 4. Since I is finite, n t+ -^ -n t is bounded, and thus Remark : We have C ( I iff 1 (I.
1-3 Examples and counterexamples
In this section we shall determine I and d(c^) for some cases of substitutions on I = (0,1) .In general, this seems to be a difficult problem, and it would be interesting in view of our applications in II and III to have a method for determining d(G) for any substitution £ .
The first case to be considered is when & is of constant length t.
According to [lj , we separate substitutions into two classes, discrete and continuous. (This is not really a restriction, since using the normal form of [l] we may always find another 6 satisfying this condi tion with the same orbit closure.)
Proposition 9
If & is of constant length 1^2 and if G Qfi)= 0 and 6 K^)= 1, The corresponding frequencies, lengths and coincidences are :
This yields according to theorem 7, ^(0^) =
3" •
We note that these examples show that d(k) does not depend only on the b -matrix, but also on the distribution of zeros and ones in k 0 and 1.
2.
X L > 1 > X 2 > 0. This means 0 < det (M) < tr (M) -1 .
A
In this case, we do not know whether I is finite, infinite or empty, or whether d(k) exists for a general substitution Q . We shall restrict our attention to the case where Since the orbit of w is dense in X(n) , for any x C-. X(n) , we may find t, a sequence of integers t^ such that x = lim T k w. k-*» Then lim t, A 9 (mod 1) exists, and if we set k+~ There exists a continuous map h from X (<e^) to Y such that h (T x) = S h (x) (x c X )) .
Our procedure in the following will be to show that h is one-to-one on a set of measure one, so that h actually represents an (almost-continuous) isomorphism between (X (0 ), T) and (Y, S). It then follows immediately that has discrete spectrum. We remark that the result of Martin applies to a much more general situation, but that his methods yield little information concerning non-continuous eigen values .
II -3 Continued fraction expansion
In this section we define a symbolic system (^,t) and relate this We turn now to the substitution 6 ^ . As above, let a = 01, b = 11 and c = 00. The substitution n«j has partly continuous spectrum.
Proof : The structure group of is Z(3) (see [iff] ). we have T h = £ h. By ergodicity of (X(rO,T), |h| is a non-zero This coincidence density does not always exist. A class of substitutions for which this coincidence density takes the value 1 is given and it is proved that these substitutions have discrete spectrum and that all their eigenfunctions are continuous. An example of a substitution dynamical system with partly conti nuous spectrum is also given. 
